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ON THE ASYMPTOTIC DIMENSION OF PRODUCTS OF COARSE SPACES
IRYNA BANAKH AND TARAS BANAKH
Dedicated to Sergey Antonyan on the occasion of his 65th birthday
Abstract. We prove that for any coarse spaces X1, . . . , Xn of asymptotic dimension ≥ 1, the
product X = X1×· · ·×Xn has asymptotic dimension ≥ n. Another result states that a finitary
coarse space Z has asdim(Z) ≥ n if Z admits an almost free action of the group Zn. We deduce
these inequalities from the following combinatorial result (that generalizes the Hex Theorem of
Gale): for any cover F of a discrete box K = k1 × · · · × kn, either some set F ∈ F contains
a chain connecting two opposite faces of K or there exists a set B ⊆ K of diameter ≤ 1 that
intersects at least n+ 1 elements of the cover F .
1. Introduction
The asymptotic dimension of a metric (more generally, coarse) space is an important number
characteristic of the space, introduced by Gromov [7]. The asymptotic dimension is a coarse
counterpart of the Lebesgue covering dimension of topological spaces. By a result of Holsztyn´ski
[8] and Lifanov [9] (see also [4, 1.8.K]), for any compact Hausdorff spaces X1, . . . , Xn of dimension
dimXi ≥ 1 the product X = X1 × · · · ×Xn has covering dimension dimX ≥ n. In this paper we
prove a counterpart of this result in the category of coarse spaces, answering a question of Protasov.
Namely, we prove that for coarse spaces X1, . . . , Xn of asymptotic dimension asdim(Xi) ≥ 1, the
product X = X1×· · ·×Xn has asymptotic dimension asdim(X) ≥ n. Also we prove the inequality
asdimX ≥ n for any finitary coarse space X admitting an almost free action of the group Zn.
This implies that for any infinite set X endowed with the finitary coarse structure E generated by
the group SX of bijections of X , the coarse space (X, E) has infinite asymptotic dimension. This
answers another problem of Protasov.
We deduce these results from a combinatorial property of discrete boxes, which generalizes the
Hex Theorem of Gale [5], and is a corollary of the Lebesgue Covering Lemma 1.8.20 in [4]. Namely,
we prove that for any cover F of the product K = k1 × · · · × kn of nonzero finite ordinals, either
some set F ∈ F connects two opposite faces of the box K or some set B ⊆ K of diameter ≤ 1
meets more than n elements of the cover F .
2. Preliminaries
In this section we recall the necessary definitions from Asymptology.
2.1. Coarse spaces. An entourage on a set X is any subset E of the square X × X such that
∆X ⊆ E = E
−1 where ∆X = {(x, x) : x ∈ X} and E
−1 = {(y, x) : (x, y) ∈ E}. For two entourages
E,F on X we put
E ◦ F := {(x, z) : ∃y (x, y) ∈ E, (y, z) ∈ F}.
For an entourage E on X and a point x ∈ X , the set
E[x] = {y ∈ X : (x, y) ∈ E}
is called the E-ball around x.
A coarse structure on a set X is a family E of entourages on X , satisfying the following axioms:
• for any E,F ∈ E we have E ◦ F ∈ E ;
• an entourage F on X belongs to E if there exists an entourage E ∈ E such that F ⊆ E.
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A subfamily B ⊆ E is called a base of the coarse structure E if for each E ∈ E there exists B ∈ B
such that E ⊆ B.
A coarse space is a pair (X, E) consisting of a set X and a coarse structure E on X .
Each metric d on X generates the coarse structure
E =
⋃
r∈[0,∞)
{
E ⊆ X ×X : ∆X ⊆ E = E
−1 ⊆ {(x, y) ∈ X ×X : d(x, y) ≤ r}
}
called the canonical coarse structure of the metric space (X, d). This coarse structure is generated
by the base
B =
{
{(x, y) ∈ X ×X : d(x, y) ≤ r} : r ≥ 0
}
.
For coarse spaces (X1, E1), . . . (Xn, En), their product is the Cartesian productX = X1×· · ·×Xn
endowed with the coarse structure E generated by the base
B =
{{(
(xi)
n
i=1, (yi)
n
i=1
)
∈ X ×X :
(
(xi, yi)
)n
i=1
∈
n∏
i=1
Ei
}
: (Ei)
n
i=1 ∈
n∏
i=1
Ei
}
.
If for every i ∈ {1, . . . , n} the coarse structure Ei is generated by a metric di, then the coarse
structure E on X = X1 × · · · ×Xn is generated by the metric
d : X ×X → [0,∞), d
(
(xi)
n
i=1, (yi)
n
i=1
)
= max
1≤i≤n
di(xi, yi).
More information on coarse spaces can be found in [14], [15] and [16].
2.2. Finitary coarse spaces. A coarse space (X, E) is called
• locally finite if for any E ∈ E and x ∈ X the E-ball E[x] is finite;
• finitary if supx∈X |E[x]| <∞ for any entourage E ∈ E .
Here |E[x]| stands for the cardinality of the E-ball E[x]. It is clear that each finitary coarse space
is locally finite. In some papers finitary coarse structures are called uniformly locally finite.
Let us recall that a G-space is a pair (X,G) consisting of a set X and a subgroup G of the
group SX of all bijections of X . Each G-space (X,G) carries a canonical finitary coarse structure
EG, generated by the base consisting of the enourages
{(x, y) ∈ X ×X : y ∈ {x} ∪ Fx ∪ F−1x}
where F runs over finite subsets of G. By Theorem 1 in [12] (see also [11] and [13]), any finitary
coarse structure on a set X is equal to the coarse structure EG for a suitable subgroup G ⊆ SX .
This fundamental result of Protasov implies that for any set X , the coarse structure ESX is the
largest finitary coarse structure on X .
On the other hand, the largest locally finite coarse structure on X consists of all entourages E
on X such that for every x ∈ X the sets E[x] and E−1[x] are finite. For more information on the
largest locally finite coarse structure, see [3, §6].
We shall say that a coarse space (X, E) admits an almost free action of a group H if there exists
an isomorphic copy G ⊆ SX of the group H such that EG ⊆ E and for any finite set F ⊆ G \ {e}
there exists a point x ∈ X such that {g ∈ G : gx = x} is disjoint with F . Here e stands for the
neutral element of the group G.
2.3. Asymptotic dimension. Let X be a coarse space and E be its coarse structure. A cover
U of X is called uniformly bounded if there exists an entourage E ∈ E such that U × U ⊆ E for
every U ∈ U .
A coarse space X is defined to have finite asymptotic dimension if there exists a non-negative
integer n such that for any entourage E ∈ E there exists a uniformly bounded cover U of X such
that for every x ∈ X the family Ux = {U ∈ U : E[x] ∩ U 6= ∅} has cardinality |Ux| ≤ n+ 1. The
smallest number n with this property is called the asymptotic dimension of X and is denoted by
asdim(X). If X fails to have finite asymptotic dimension, then we put asdim(X) = ∞ and say
that X has infinite asymptotic dimension. Here we assume that ∞ ≥ n for any n ∈ ω.
More information on asymptotic dimension can be found in the surveys [1], [2], [6]. These
surveys mention many results establishing upper bounds for the asymptotic dimension of coarse
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spaces. However, we could not find general results giving lower bounds for the asymptotic dimen-
sion of products. In this note we provide such lower bounds.
3. Main results
The main results of this paper are the following theorems that answer two questions of Protasov
(asked in an e-mail correspondence).
Theorem 1. Let X1, . . . , Xn be coarse spaces of asymptotic dimension ≥ 1. Then the product
X = X1 × · · · ×Xn has asdim(X) ≥ n.
Theorem 2. If for some positive integer n a finitary coarse space (X, E) admits an almost free
action of the group Zn, then asdim(X, E) ≥ n.
Corollary 1. For any infinite set X and the group G = SX the coarse space (X, EG) has infinite
asymptotic dimension.
Corollary 1 should be compared with Theorem 1 [10] saying that for any infinite set X and the
largest locally finite coarse structure F on X , the coarse space (X,F) has asdim(X,F) = 1.
Theorems 1 and 2 will be proved in Section 6, 7 after some preliminary work made in Sections 4
and 5.
4. A dimension dichotomy for discrete boxes
In this section we establish a dimension dichotomy for discrete boxes, which can be considered
as a local generalization of the Hex Theorem of Gale [5].
By a discrete box of dimension n we understand the product K = k1×· · ·×kn of nonzero finite
ordinals k1, . . . , kn. The discrete box K is endowed with the metric d defined by
d(x, y) = max
1≤i≤n
|x(i)− y(i)|.
Here we identify each finite ordinal k with the subset {0, . . . , k− 1} of the smallest infinite ordinal
ω = {0, 1, 2, . . .}. Elements of the product K = k1 × · · · × kn are functions x : {1, . . . , n} → ω
such that x(i) ∈ ki = {0, . . . , ki − 1} for all i ∈ {1, . . . , n}.
A subset C of a box K is defined to be chain-connected if for any points x, y ∈ C there exists
a sequence of points x = x0, . . . , xm = y such that d(xi−1, xi) ≤ 1 for any i ∈ {1, . . . ,m}.
We say that a set F ⊆ K connects two opposite faces of a box K = k1 × · · · × kn if there exist
i ∈ {1, . . . , n} and a sequence of points x0, . . . , xm ∈ F such that x0(i) = 0, xm(i) = ki − 1, and
d(xj−1, xj) ≤ 1 for all j ∈ {1, . . . ,m}.
By the Hex Theorem of Gale [5], for any discrete box K of dimension n and any cover F of K
of cardinality |F| ≤ n, some set F ∈ F connects two opposite faces of K. The following theorem
can be seen as a local generalization of the Hex Theorem of Gale.
Theorem 3. For any cover F of a discrete box K of dimension n, either some set F ∈ F connects
two opposite faces of K, or there exists a subset B ⊆ K of diameter ≤ 1 that intersects at least
n+ 1 elements of the cover F .
Theorem 3 will be derived from the following topological result that can be found in [4, 1.8.20].
Lemma 1 (Lebesgue Covering Lemma). If F is a finite closed cover of the cube [0, 1]n, no member
of which meets two opposite faces of [0, 1]n, then there is a point x ∈ [0, 1]n that belongs to at least
n+ 1 elements of the cover F .
Proof of Theorem 3. Let F be a cover of a discrete box K = k1 × · · · × kn of dimension n such
that for every subset B ⊆ K of diameter ≤ 1 meets at most n elements of the cover F . We should
prove that some set F ∈ F connects two opposite faces of the box K.
For every F ∈ F and x ∈ F let F (x) be the set of all point y ∈ F for which there exists
a chain x = x0, x1, . . . xm = y in F such that d(xi−1, xi) ≤ 1 for all i ∈ {1, . . . ,m}. Then
UF = {F (x) : x ∈ F} is a partition of F into chain-connected sets such that
dist(F (x), F (y)) = min{d(u, v) : u ∈ F (x), v ∈ F (y)} ≥ 2
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for any distinct sets F (x), F (y) ∈ UF .
It follows that U =
⋃
F∈F UF is a cover of K. The discrete box K = k1 × · · · × kn can be
considered as the “integer part” of the “continuous” box K˜ =
∏n
i=1[0, ki − 1]. The box K˜ is
endowed with the metric
d˜(x, y) = max
1≤i≤n
|x(i)− y(y)|.
Here we identify the elements of the box K˜ with functions x : {1, . . . , n} → R such that 0 ≤ x(i) ≤
ki − 1 for all i ∈ {1, . . . , n}.
For every subset A ⊆ K consider its closed 12 -neighborhood
A˜ = {x ∈ K˜ : ∃a ∈ A d˜(x, a) ≤ 12}
in K˜. Taking into account that d˜(a, b) ≥ 1 for any distinct points of K, we conclude that for two
sets A,B ⊆ K are equal if and only if A˜ = B˜.
It follows that U˜ = {U˜ : U ∈ U} is a finite closed cover of K˜. We claim that for every x ∈ K˜
the family Ux = {U ∈ U : x ∈ U˜} has cardinality ≤ n. To derive a contradiction, assume that
|Ux| > n for some x ∈ K˜. For every U ∈ Ux choose a point yU ∈ U with d˜(x, yU ) ≤
1
2 and find
a set FU ∈ F such that U = FU (yU ). Since the set Y = {yU : U ∈ Ux} has diameter ≤ 1, our
assumption guarantees that the family F ′ = {F ∈ F : F ∩ Y 6= ∅} has cardinality |F ′| ≤ n.
Since {FU : U ∈ Ux} ⊆ F ′, by the Pigeonhole Principle, there exists a set F ∈ F ′ such that
F = FU = FV for some distinct sets U, V ∈ Ux. Then U = F (yU ) and V = F (yV ). Observing
that
d(yU , yV ) ≤ d˜(yU , x) + d˜(x, yV ) ≤
1
2 +
1
2 = 1,
we conclude that U = F (yU ) = F (yV ) = V , which contradicts the choice of the sets U, V . This
contradiction shows that |Ux| ≤ n. Then by Lemma 1, there exists a set U ∈ U such that the
set U˜ meets two opposite faces of K˜. Then the set U meets two opposite faces of the box K and
being chain-connected, connects these two opposite faces of K. Choose any point u ∈ U and find
a set F ∈ F such that U = F (u). Since U = F (u) ⊆ F , the set F connects two opposite faces of
the box K. 
5. Two Lemmas related to Asymptotic dimension
In the proof of Theorems 1 and 2 we shall exploit two lemmas. The first of them characterizes
coarse spaces of asymptotic dimension zero in terms of chains. For an entourage E on a set X , by
an E-chain we understand a sequence of points x0, . . . , xn in X such that (xi−1, xi) ∈ E for every
i ∈ {1, . . . , n}.
Lemma 2. A coarse space (X, E) has asymptotic dimension zero if and only if for any entourage
E ∈ E there exists an entourage F ∈ E such that (x0, xn) ∈ F for any E-chain x0, . . . , xn in X.
Proof. To prove the “only if” part, assume that asdim(X, E) = 0. Then for every E ∈ E there
exists a uniformly bounded cover U of X such that for every x ∈ X the E-ball E[x] meets a
unique set U ∈ U . By the uniform boundedness of U , there exists an entourage F ∈ E such that
U × U ⊆ F for every U ∈ U . Now take any E-chain x0, . . . , xn ∈ X . Find a unique set U ∈ U
containing the point x0. By induction we shall show that xi ∈ U for any i ≤ n. For i = 0 this
follows from the choice of U . Assume that for positive i < n we have proved that xi belongs to
U . By the choice of the cover U , the E-ball E[xi] does not intersect any set of the family U \ {U}
and hence xi+1 ∈ E[xi] ⊆ U . Therefore xn ∈ U and (x0, xn) ∈ U × U ⊆ F .
To prove the “if” part, assume that for any entourage E ∈ E there exists an entourage F ∈ E
such that (x0, xn) ∈ F for any E-chain x0, . . . , xn in X . For every x ∈ X let Ux be the set of
all points y ∈ X for which there exists an E-chain x = x0, x1, . . . , xn = y. The choice of the
entourage F guarantees that Ux ⊆ F [x] and hence the cover U = {Ux : x ∈ X} of X is uniformly
bounded. It is easy to see that for each x ∈ X the set Ux is the unique set in U that meets the
E-ball E[x]. Therefore, the cover U witnesses that asdim(X, E) = 0. 
In the following lemma we extend the “only if” part of the characterization given in Lemma 2
to higher dimensions.
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Let E be an entourage on a set X . An E-box of dimension n in X is a map f : K → X defined
on some discrete box K of dimension n such that (f(x), f(y)) ∈ E for any points x, y ∈ K with
d(x, y) ≤ 1.
Lemma 3. If for some positive interger n, a coarse space (X, E) has asdim(X, E) < n, then for
every entourage E ∈ E there exists an entourage F ∈ E such that for any E-box f : K → X of
dimension n there exists a set V ⊆ K connecting two opposite faces of K such that f(V )×f(V ) ⊆
F .
Proof. Assuming that asdim(X, E) < n, for any entourage E ∈ E we can find a uniformly bounded
cover U of X such that |U ∈ U : E[x]∩U 6= ∅}| ≤ n for every x ∈ X . By the uniform boundedness
of U , there exists an entourage F ∈ E such that U × U ⊆ F for every U ∈ U . We claim that
the entourage F has the required property. Let f : K → X be any E-box of dimension n in X .
The cover U of X induces the cover V = {f−1(U) : U ∈ U} \ {∅} of K. Consider the entourage
B = {(x, y) ∈ K : d(x, y) ≤ 1} on the discrete box K. The definition on an E-box implies that
for every x ∈ K we have f(B[x]) ⊆ E(f [x]) and hence {U ∈ U : f−1(U) ∩ B[x] 6= ∅} ⊆ {U ∈ U :
U∩E[f(x)] 6= ∅}, which implies that |{V ∈ V : V ∩B[x] 6= ∅}| ≤ n for every x ∈ K. By Theorem 3,
some set V ∈ V connects two opposite faces of the box K. It is clear that f(V )× f(V ) ⊆ F . 
6. Proof of Theorem 1
Let X1, . . . , Xn be coarse spaces of asymptotic dimension ≥ 1 and X = X1 × · · · ×Xn be their
products. Let E be the course structure of the space X and for every i ∈ {1, . . . , n} let Ei be the
coarse structure of the coarse space Xi.
By Lemma 2, for every i ∈ {1, . . . , n} there exists an entourage Ei ∈ Ei such that for every Di ∈
Ei there exists an Ei-chain x0, . . . , xn ∈ X such that (x0, xn) /∈ Di. The entourages E1, . . . , En
induce the entourage
E = {((xi)
n
i=1, (yi)
n
i=1) ∈ X ×X : ((xi, yi))
n
i=1 ∈
n∏
i=1
Ei} ∈ E .
Assuming that asdim(X) < n we can apply Lemma 3 and find an entourage F such that such
that for any E-box f : K → X of dimension n there exists a set C ⊆ K connecting two opposite
faces of K such that f(C)× f(C) ⊆ F . Replacing F by a larger entourage, we can assume that
F = {((xi)
n
i=1, (yi)
n
i=1) ∈ X ×X : ((xi, yi))
n
i=1 ∈
n∏
i=1
Fi}
for some entourages F1 ∈ E1, . . . , Fn ∈ En.
For every i ∈ {1, . . . , n} the choice of the entourage Ei yields an Ei-chain x0,i, . . . , xmi,i ∈ Xi
such that (x0,i, xmi,i) /∈ Fi.
Consider the discrete box K = (m1 + 1)× · · · × (mn + 1), and the map
f : K → X, f : (k1, . . . , kn) 7→ (xk1,1, . . . , xkn,n),
which is an E-box of dimension n in X . By the choice of the entourage F , there exists a set
C ⊆ K that connects two opposite faces of the box K and has f(C) × f(C) ⊆ F . Then for
some i ∈ {1, . . . , n}, the projection of C onto the i-th coordinate axis coincides with the set
mi + 1 = {0, . . . ,mi} and the projection of f(C) onto the i-coordinate coincides with the chain
x0,i, . . . , xmi,i. Taking into account that f(C) × f(C) ⊆ F , we conclude that (x0,i, xmi,i) ∈ Fi,
which contradicts the choice of the chain x0,i, . . . , xmi,i. This contradiction completes the proof
of the inequality asdim(X) ≥ n.
7. Proof of Theorem 2
Let (X, E) be a finitary coarse space admitting an almost free action of the group Zn. Then Zn
is isomorphic to a subgroup G ⊆ SX such that EG ⊆ E and for any finite set F ⊆ G \ {e} there
exists a point x ∈ X such that the subgroup {g ∈ G : gx = x} is disjoint with F .
Let h : Zn → G be an isomorphism. Since EG ⊆ E , the entourage
E = {(x, y) ∈ X ×X : y ∈ h({−1, 0, 1}n) · x}
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belongs to the coarse structure E . Assuming that asdim(X, E) < n, we can apply Lemma 3 and
find an entourage F ∈ E such that any E-box f : K → X of dimension n contains a subset C ⊆ K
that connects two opposite faces of K and has f(C)× f(C) ⊆ F .
Since the coarse structure E is finitary, the number m = supx∈X |F [x]| is finite. Since the action
of the group G is almost free, there exists a point x ∈ X such that the subgroup {g ∈ G : gx = x}
of G is disjoint with the finite set h({0, . . . ,m}n \ {0}n). Then the map f : {0, . . . ,m}n → X ,
f : z 7→ h(z) ·x, is an injective E-box of dimension n in X . By the choice of the entourage F , there
exists a set C ⊆ {0, . . . ,m}n that connects two opposite faces of the discrete box {0, . . . ,m}n and
has f(C)× f(C) ⊆ F . Then f(C) ⊆ F [f(c)] for any c ∈ C. The injectivity of the map f implies
that |C| ≤ |F [f(c)]| ≤ m which is not possible as any set connecting two opposite faces of the box
{0, . . . ,m}n has cardinality > m. This contradiction shows that asdim(X, E) ≥ n.
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